We consider corrections to the entropy of a black hole from an O(N ) invariant linear σ-model. We obtain the entropy from a 1/N expansion of the partition function on a cone.
Introduction
Within ordinary gravity, the dynamical origins of black hole entropy have always been obscure. But gravitation emerges as a low energy phenomenon from string theory, and Susskind and Uglum have proposed that, in terms of underlying string degrees of freedom, a state counting interpretation of black hole entropy is possible [1] .
We will discuss black hole entropy within the following framework. The temperature of a black hole is fixed by requiring that the Schwarzschild metric, continued to imaginary time, provide a smooth solution of the Einstein equations. This forces the periodicity of the Euclidean time coordinate to be the inverse Hawking temperature. Entropy is obtained from a partition function by varying with respect to temperature; in the case of a black hole, this variation introduces a conical singularity on the horizon. The classical action for gravity evaluated on a space with a conical singularity gives rise to the classical HawkingBeckenstein entropy [2, 3] , while quantum corrections to the classical entropy result from fluctuations of the metric or matter fields in the background with the conical singularity. This state counting interpretation of black hole entropy is lost at low energies, when string degrees of freedom are not visible. At low energies, the string diagrams reduce to the particle diagrams of Fig. 2 . Diagram (i) represents a term in the effective action that is localized on the horizon. It is responsible for the classical Hawking-Beckenstein entropy, but has no state counting interpretation. Diagram (ii) does have a state counting interpretation, as counting the states of a particle encircling the horizon. In diagrams (iii) and (iv) contact interactions with the horizon appear. These contact interactions do not admit state counting interpretations. Diagram (iii) can be represented as a path integral over particle paths that begin and end on the horizon. In diagram (iv) a field acquires an expectation value at one loop, which then couples to the horizon. In a supersymmetric horizon (i)
(ii) (iii) string theory, all one point functions on the torus vanish, so this last diagram will not be present. In fact one point functions vanish to all orders in the genus expansion as long as supersymmetry is unbroken, so contributions of this general form can arise only below the scale of supersymmetry breaking.
In this paper, we will study corrections to the entropy of a black hole from an O(N )
invariant linear σ-model. For simplicity we work in two Euclidean dimensions, and consider only infinitely massive black holes, for which curvature vanishes everywhere on-shell. The σ-model exhibits some analogous effects within field theory. In particular, diagrams appear at short distances in the σ-model which are analogous to the string diagrams in Fig. 1 . In the low energy effective theory for the σ-model, diagrams appear which are analogous to the particle diagrams in Fig. 2 . Moreover, at short distances, the σ-model corrections to the entropy have a state counting interpretation as entropy of entanglement. This state counting interpretation is lost at low energies.
This paper is organized as follows. In section 2, we discuss the relationship between black hole entropy and entropy of entanglement, and show that this relationship leads to an underlying state counting interpretation of the σ-model contribution to black hole entropy. We also discuss the way in which the state counting interpretation of black hole entropy breaks down for non-minimally coupled fields, such as appear in the low energy description of the σ-model. In section 3, we renormalize the σ-model to determine its low energy effective action. In section 4 we compute the entropy of the σ-model, and discuss how its interpretation changes at different length scales. In section 5 we discuss the implications of our results for string theory.
Entropy of Entanglement and Conical Singularities
In this section we discuss the relationship between corrections to the entropy of a black hole, obtained from a partition function on a cone, and entropy of entanglement [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] 1] .
For the σ-model we will argue that these two entropies are identical at short distances.
This leads to an underlying state counting interpretation of the σ-model contribution to black hole entropy. We will also show that their equivalence is broken for fields with a non-minimal coupling to curvature, such as arise in the low energy description of the σ-model.
We begin by defining entropy of entanglement. Consider a quantum field in flat space. Suppose that it is in its ground state, described by the pure density matrix |0 >< 0|.
Introduce an imaginary boundary that divides space into two regions, and form the reduced density matrix ρ red from |0 >< 0| by tracing over all degrees of freedom located in one of the regions. Entropy of entanglement is defined by S = − Tr ρ red log ρ red . For simplicity we will only treat the case where space is divided in half by an imaginary planar boundary.
Entropy of entanglement is ultraviolet divergent in most quantum field theories, so we must introduce an ultraviolet cutoff Λ. The "full entropy of entanglement" of the theory is defined as above in terms of all the dynamical degrees of freedom present in the theory up to the cutoff Λ. A Wilsonian effective action at a scale µ < Λ is constructed by integrating out the degrees of freedom with momentum between µ and Λ. We introduce the notion of "effective entropy of entanglement," that is, the entropy of entanglement calculated in the effective theory at the scale µ. When we state that, for some theory, black hole entropy and entropy of entanglement are identical, we are referring to the full entropy of entanglement.
Note that the effective entropy of entanglement is less than the full entropy of entanglement: as degrees of freedom are integrated out, the effective entropy of entanglement decreases. In contrast, black hole entropy is defined in terms of the partition function on a cone, a quantity which does not change as degrees of freedom are integrated out. In the infrared, the difference between the effective and full entanglement entropies is accounted for by the appearance of terms in the Wilsonian effective action involving the background curvature. This is a general phenomenon, which we will explicitly see occur in the σ-model. This formal argument for equivalence has been tested by explicit calculation in several theories. For free scalar and spinor fields, the full entropy of entanglement, Rindler thermal entropy, and entropy on a cone are indeed equal [15, 16, 18] . The equivalence does not always hold, however. For free vector fields, singular effects arise at the origin, which make the Rindler Hamiltonian ill-defined, and cause the equivalence to break down [13] .
For an interacting minimally coupled scalar field theory the equivalence holds to all orders in perturbation theory: black hole entropy and full entropy of entanglement are identical. In particular, the equivalence holds for the σ-model, and leads to a state counting interpretation of the σ-model contribution to the entropy of a black hole. The proof of equivalence is straightforward. To be concrete, we consider a scalar field in 1+1 dimensions with a 1 4 λφ 4 self-coupling. We work in polar coordinates (r, θ) on the Euclidean plane.
The canonical Rindler Hamiltonian may be constructed in the usual way,
where π is the momentum conjugate to φ.
We first show that Rindler thermal entropy is the same as black hole entropy. Rindler thermal entropy may be obtained from the partition function Z(β) = Tr e −βH R . This partition function can be calculated in perturbation theory, by separating H R into free and interacting pieces. The Feynman rules for computing Z(β) are identical to the Feynman rules used to evaluate the partition function on a cone -in particular, the two point function is simply the Green's function on a cone [15] . Rindler thermal entropy and black hole entropy therefore have identical perturbation series. The two entropies will be equal provided the two calculations are cut off in the same way; this can be achieved by using
Pauli-Villars regulator fields as in [12] .
To complete the proof we show that Rindler thermal entropy is the same as entropy of entanglement [14, 15, 1, 8, 16 ]. Suppose we divide space at the origin (r = 0), and compute the entropy of entanglement of one half of space (θ = 0) with the other half (θ = π).
This is defined in terms of the reduced density matrix ρ red , constructed from the vacuum density matrix |0 >< 0| by tracing over all degrees of freedom located at θ = π. To all orders of perturbation theory, and for any operator A located at θ = 0, the expectation values Tr (ρ red A) and Tr (e −2πH R A) are equal, because (as above) the Feynman rules are identical. This shows that ρ red = e −2πH R , which implies that entropy of entanglement is equal to Rindler thermal entropy.
We now discuss a theory for which black hole entropy and full entropy of entanglement are not equivalent. Consider a scalar field in two dimensions with a non-minimal coupling to curvature.
A non-minimal coupling of this form will arise in the low energy description of the σ-model. To see that the non-minimal coupling breaks the equivalence, note that entropy of entanglement is defined in terms of the vacuum state of the field in flat Minkowski space, and should therefore be insensitive to any terms in the action that vanish in flat space.
The partition function on a cone, on the other hand, is affected by a non-minimal coupling to the curvature present at the tip of the cone [19] . This difference breaks the connection between entropy of entanglement and black hole entropy.
To justify the claim that entropy of entanglement is not affected by the non-minimal coupling, we work in flat space, and consider the effect of the non-minimal coupling in greater detail. In flat space, the non-minimal coupling only enters via a boundary term, involving the extrinsic curvature K, which we must add to the action to make the energymomentum tensor well-defined.
The vacuum wavefunctional in infinite flat space can be obtained from a path integral on a semi-disc of radius L, {(x, y) :
As L → ∞, with the field taken to vanish on the semi-circular boundary at x 2 + y 2 = L 2 , this path integral produces the desired flat space vacuum wavefunctional on the boundary at y = 0. The bulk curvature vanishes on the semi-disc, while the extrinsic curvature is 1/L along the semi-circular boundary, with δ-functions of strength π/2 at the two corners. This leads to the vacuum
where ψ 0 [φ] is the vacuum wavefunctional for a minimally coupled field, and N is a normalization constant. We see that in flat space the non-minimal coupling only affects the vacuum state at spatial infinity. Because we consider a massive field, correlation functions calculated in this vacuum are likewise only affected at spatial infinity.
What is the entropy of entanglement of this state? Suppose we divide space at x = 0.
For a massive minimally coupled field the degrees of freedom at x = ±L are exponentially uncorrelated with the degrees of freedom located across the division. From the form of the wavefunctional we see that they remain uncorrelated in the presence of the nonminimal coupling; it follows that the non-minimal coupling does not affect the entropy of entanglement.
The fact that the correlation functions are only affected at spatial infinity has an important consequence. It implies that the Rindler Hamiltonian which generates angular evolution in flat space is not affected by the non-minimal coupling, aside from a possible surface term at spatial infinity. Even with a non-minimal coupling, one can regard entropy of entanglement as counting the degrees of freedom of a well-defined dynamical system governed by this flat space Rindler Hamiltonian.
Note that, for non-zero ξ, the partition function on a cone is not generated by the flat space Rindler Hamiltonian -in fact it seems unlikely that the partition function on a cone can be generated by a Hermitian angular Hamiltonian at all, for reasons given below. We can now state more precisely why the equivalence between entropy of entanglement and black hole entropy breaks down for a non-minimally coupled field. The Rindler Hamiltonian is perfectly well-defined, and the reduced density matrix is given by ρ red = e −2πH R , so entropy of entanglement is equal to Rindler thermal entropy. But it is not equal to black hole entropy, because H R does not generate the partition function on a cone. This provides an interesting contrast to the way in which the equivalence is broken for a vector field [13] . For a vector field, singular effects present at the origin make the Rindler
Hamiltonian ill-defined, even in flat space.
We now study the behavior of the same non-minimally coupled field in curved space.
To compute the partition function on a cone, and to gain more insight into the effect of the non-minimal coupling, we introduce a particle path integral representation for the partition function. We work in two Euclidean dimensions, with a proper time cutoff ǫ as a regulator.
A careful definition of the particle path integral would have additional terms present in the action, beyond those we have indicated here [20] . The naive action we use here is sufficient for our purposes, however, as we only wish to show that the effect of the non-minimal coupling is to produce an additional contact term in the partition function. To see this, we expand the free energy in powers of the non-minimal coupling, following [19] . The scalar
The zeroth order term is an integral over closed paths on a cone, and gives the same partition function as a minimally coupled scalar. The first order term is an integral over open paths which begin and end on the horizon. This is the contact term with the horizon which we referred to above. Note that the contact term does not have a state counting interpretation in Rindler space. Terms of higher order in ξ represent multiple interactions with the horizon; as they are also higher order in the deficit angle, they are not needed to calculate the entropy at the on-shell temperature β = 2π. The path integrals can be evaluated (see e.g. [13] , equation (2.4)), and the entropy is [19] 
The partition function of a non-minimally coupled field on a cone does not have a state counting interpretation; note that, as a consequence of the contact term, it can make a negative contribution to the entropy of a black hole for some values of ξ. This suggests that the partition function of a non-minimally coupled field on a cone does not have a
Hamiltonian description. A non-minimal coupling may arise from integrating out short distance degrees of freedom, in which case there can be a hidden state counting interpretation in terms of the underlying degrees of freedom. The σ-model will provide an example of this phenomenon.
As an aside, we note that the contact term arose from the explicit appearance of the curvature in the first quantized particle Lagrangian in (2.1). This phenomenon seems to be general. Spinors and minimally coupled scalars have classical first quantized particle Lagrangians in which curvature does not explicitly appear, 1 and their entropy merely reflects the density of states. In contrast, non-minimally coupled scalars have a term ξR in their particle Lagrangian, and similarly a vector particle, which has negative black hole entropy, also has a term involving the curvature in its world-line action [21] . In both cases these explicit curvature terms produce a contact interaction when the particle path crosses the tip of the cone, and this contact interaction shifts the coefficient of the leading divergence of the entropy. It is interesting to note that the N=1 superstring does not have any explicit R dependence in its world-sheet Lagrangian, though the significance of this fact is not clear to us.
Renormalization of the Sigma Model
In this section we renormalize the σ-model in curved space. The casual reader may wish to skip to the next section, where the results are discussed in a way that does not depend on the details of the calculations.
The σ-model in two dimensions in a background metric g µν is defined by the Euclidean action for N real scalar fields φ
As usual we introduce an auxiliary field σ =
Note that 1/N plays the role of a σ loop counting parameter. The large N limit is taken with λ held fixed. This model has a double scaling limit, discussed in [22] ; by tuning λ close to the critical coupling we will make σ a propagating field at low energies, with a mass m σ ≪ m φ .
To regulate the model we introduce a momentum cutoff Λ. In the remainder of this section we will calculate the effective action in curved space at next-to-leading order (N 0 )
by renormalizing from the scale Λ down to the scale m σ . We will keep only the leading logarithms that arise in perturbation theory. To calculate the entropy, we only need to work to first order in curvature.
Ultraviolet renormalization
In this section we renormalize from the ultraviolet cutoff Λ down to the scale of the φ mass. Ultraviolet logarithms ∼ log Λ m φ will arise and will be absorbed into renormalization of m φ and the coefficient of the Einstein term in the action.
We begin by considering the σ-model in flat space, and show that all ultraviolet logarithms that arise in flat space may be absorbed by renormalizing the φ mass. We integrate out the φ a and σ modes in a shell µ 2 < k 2 < Λ 2 in momentum space. This induces additional terms in the action for the modes below µ 2 . A logarithm appears in
This linear term in the effective action gives σ a non-zero expectation value, which we absorb by replacing σ → σ + Σ(µ 2 ) and renormalizing the φ mass:
. The constant Σ(µ 2 ) is chosen to make the expectation value of σ vanish at the scale µ 2 .
A logarithm also appears in
This divergence is absorbed in a further additive renormalization of m 2 φ (µ 2 ). We will not need the explicit form of the running φ mass. To compute it we would have to solve a gap equation, which we will discuss further in the next section.
Next we consider the σ-model in curved space. Logarithms now appear in graphs with external gravitons, which renormalize the gravitational coupling G.
The easiest way to obtain G is from the Schwinger -De Witt proper time expansion of a one-loop determinant [23] .
The parameter ǫ provides an ultraviolet cutoff, the mass m provides an infrared cutoff, and we have included a non-minimal coupling ξ for later use. The coefficient of a logarithm does not depend on the regulator, so we can extract the value of the renormalized gravitational coupling for a minimally coupled field by setting ξ = 0.
These ultraviolet renormalizations of the φ mass and the gravitational coupling absorb all logarithms which arise in running from Λ down to the scale of the physical (pole) φ mass,
i.e. the scale at which µ 2 = m 2 φ (µ 2 ). We denote this pole mass by m φ from now on.
Effective σ theory
Below the scale m φ the fields φ a become non-propagating auxiliary fields. In this section we integrate them out in order to construct an effective theory involving only the light field σ. We also discuss the fine tuning necessary to make m σ ≪ m φ .
We must determine the gravitational coupling in the effective theory at next-to-leading order (N 0 ), but we only need terms involving σ at leading order (N ). The leading order (N ) effective action is given by a one-loop determinant, which we now compute. By combining this determinant with our previous result (3.2) for the gravitational coupling, we will be able to determine the effective theory at the scale m φ .
Because we did not keep track of the finite terms that involve σ in the previous section, we must start the computation of the determinant from the ultraviolet cutoff Λ.
To absorb the σ-dependent divergences in this determinant, it is sufficient to replace σ → σ + Σ(µ 2 ) and to renormalize m
to make the leading order (N 0 ) expectation value of σ vanish at the scale µ 2 . This means that Σ(µ 2 ) should satisfy the gap equation
. This is the same shift of σ which we performed previously in the ultraviolet renormalization, so the quantity m 
where it is implicit that in this expression the term linear in σ is to be discarded. It is straightforward to compute the determinant as an expansion in σ and in curvature. As we will see in the next section, the following terms in the expansion are sufficient to compute the renormalized gravitational coupling.
Note that one can obtain the non-minimal curvature couplings of σ without evaluating any diagrams. A constant value of σ produces a shift in the φ mass, m The determinant (3.3) is the leading order (N ) effective action for σ. It is a "classical"
action, valid at any length scale, although the derivative expansion only makes sense below the scale m φ . This classical action is not sufficient for our purposes, however, as we must determine the effective gravitational coupling at next-to-leading order (N 0 ). In the previous section we integrated out φ and σ degrees of freedom at next-to-leading order to find the running gravitational coupling (3.2), which is valid down to the scale m φ . Recall that m φ is the pole mass incorporating ultraviolet effects to next-to-leading order (1/N ).
Integrating out the remaining auxiliary φ degrees of freedom, from m φ down to zero, does not change the gravitational coupling at leading log order, 3 so (3.2) is the correct gravitational coupling to use in the effective action at the scale m φ .
We have absorbed a factor of . Note that this tuning makes the quartic coupling negative, so the theory is nonperturbatively unstable. Perturbation theory in 1/N is well-defined, however, which is all that we require. By making this fine tuning, we are driving the model close to its double scaling limit [22] . We do not actually take the double scaling limit, because we will wish to preserve terms in our final result for the entropy that drop out in the double scaling limit m σ m φ → 0. 3 We ignore the large, but non-logarithmic, shift which occurs in the gravitational coupling as the φ threshold is crossed; this is responsible for the difference, at leading order (N ), between the gravitational coupling in (3.3) and (3.4) . This shift will be discussed briefly in section 5.
Infrared renormalization
We now run the effective theory (3.4) from m φ down to m σ in order to find the renormalized gravitational coupling at scales below m σ . We only keep the leading infrared
Upon integrating out σ degrees of freedom with momentum between µ and m φ , a term linear in σ arises from
We absorb this by shifting σ → σ − 
We have extracted the logarithm in these graphs from the Schwinger -De Witt representation (3.1), with the effect of the non-minimal Rσ 2 coupling included by setting ξ = −1.
With appropriate boundary conditions imposed at m φ , the gravitational coupling in the infrared is given at leading log order by
This is valid down to the scale m 2 σ , where G stops running. G is the only parameter which we renormalize in the infrared, since it is the only parameter in the action which we need to know at next-to-leading order (N 0 ).
We have expressed our final result for the renormalized gravitational coupling in terms of the parameter m φ , the pole mass of the field φ. By redefining m φ , part or all of the order N 0 infrared logarithm in 1/G can be absorbed into the order N ultraviolet logarithm.
Different redefinitions correspond to different renormalization schemes for defining the running of the φ mass in the infrared (i.e. at scales below its pole mass).
We will now use the results of the previous sections to calculate the black hole entropy of the σ-model, and discuss how its interpretation changes at different length scales. We will see that it exhibits behavior analogous to the behavior of string theory proposed by Susskind and Uglum [1] .
At the scale of the ultraviolet cutoff Λ, the σ-model is defined by the Euclidean action
In position space, the Feynman diagrams which contribute entropy must encircle the tip of the cone. Through next-to-leading order (N 0 ) we have the diagrams of Fig. 3 . (i) (ii) (iii) (iv) Fig. 3 . Diagrams at the scale of the ultraviolet cutoff.
We now reinterpret this calculation in terms of the degrees of freedom present below the scale m φ . The effective action for σ at the scale m φ is given by The diagrams in this effective σ theory are shown in Fig. 4 . They are obtained from Fig. 3 by shrinking all φ loops down to points. These graphs are analogous to the particle diagrams which arose as the low energy limit of string diagrams in Fig (i) (ii) (iii) (iv) Fig. 4 . Diagrams in the effective σ theory.
The effects of the non-minimal couplings in the low energy theory can be understood from these diagrams. The Rσ 2 coupling in diagram (iii) produces a contact interaction, which can be expressed as a path integral over particle paths which begin and end on the horizon, as was shown in detail in section 2. In diagram (iv), we see that σ acquires an expectation value at order 1/N in the infrared, which then couples to the curvature singularity via the Rσ interaction. Note that this diagram has a 1/m 2 σ pole, which will show up in the entropy.
Finally, we discuss the interpretation of the entropy below the scale m σ . There are no dynamical degrees of freedom left, but the effective action contains an Einstein-Hilbert term. Note that the black hole entropy is determined by the low energy Newton's constant. The quantum effects that correct the entropy also renormalize the gravitational coupling [24] , in such a way that the entropy of a black hole is always given by Area 4G(0) [1] . In summary, we find that corrections to the entropy of a black hole are renormalization group invariant, and can be computed at any scale in effective field theory, but that they only have a state counting interpretation in terms of the underlying short distance degrees of freedom. When the short distance degrees of freedom are integrated out, explicit Einstein-Hilbert terms and non-minimal couplings appear in the low energy theory which reflect correlations involving the degrees of freedom which have been integrated out.
Additional Comments and Conclusions
What conclusions should we draw from these observations? First, we should stress that the qualitative resemblance of the behavior of the σ-model to that of string theory (as proposed by Susskind and Uglum [1] ) is no accident; the diagrams which contribute to the entropy would be present in a large class of models of extended objects. For example, as pointed out by Susskind [1] , below the confinement scale of QCD analogous diagrams generate a "classical" entropy of order N 2 c due to the gluons of the theory, and "quantum" corrections of order N 0 c from the glueballs of the low-energy theory. Similar behavior would be expected in matrix models of string theory. The universality of these phenomena justifies our discussing them in some generality.
We now turn to the implications for string theory. Our study of the σ-model lends support to the ideas of Susskind and Uglum concerning string theory, in that it provides a toy model which displays analogous behavior. The analogy is based on a comparison of the string diagrams of Fig. 1 to the σ-model diagrams of Fig. 3 . According to the proposal of Susskind and Uglum, the string diagram (i) counts the number of states of a half-string stuck to the horizon. In the σ-model, diagram (i) counts states of the field φ, which may be regarded as "half-σ" states attached to the horizon. Diagram (ii) in the two theories counts states of the closed string and of the σ field, respectively. String diagram (iii) is the most interesting. It represents interactions between the half strings on the horizon and the closed strings outside the horizon. It has an analog in the σ-model, where both diagrams (iii) and (iv) explicitly arise from the interaction between the φ fields on the horizon and the σ fields. All this behavior is consistent with the proposals of [1] .
As an aside, we note a subtlety that is avoided in our analysis of the σ-model, but deserves mention. In section 3.2 we constructed a low energy effective theory for σ by integrating out the φ fields. The lowest energy φ modes, with k 2 < m 2 φ , produce a threshold effect at leading order in N , which we ignored since it contains no logarithms. The effect arises from leading order (N 0 ) tadpoles attached to Fig. 3 diagram (i); these tadpoles, which were suppressed in Fig. 3 , produce a shift in the expectation value of σ. Analogous diagrams are present in string theory; the genus zero string diagram in Fig. 1 has limits in which the sphere emits one or more (genus zero) tadpoles. But, because string theory is usually defined so that all tree level expectation values vanish at the scale k 2 = 0, these diagrams vanish. In a model in which strings emerge as a low energy phenomenon, classical tadpoles might be present, and a field redefinition to remove them would be necessary. This issue does not affect the rest of our discussion.
A few additional comments are in order regarding the string diagram (iii) in Fig. 1 .
According to [1] this diagram destroys the state-counting interpretation of the one-loop correction to the entropy (while maintaining it for the full theory) and is responsible for the vanishing of the one-loop correction to the entropy in the superstring. At low energies this term reduces to the particle diagrams (iii) and (iv) of Fig. 2 . We now discuss the lessons that have been learned from studying these field theory diagrams.
In the effective theory for the σ-model, the quantum contribution to the entropy is dominated by diagram (iv) of Fig. 4 . In this diagram, the φ degrees of freedom on the horizon couple to the vacuum loop of the σ field by exchanging a σ particle; the σ is light and the diagram is enhanced quadratically in the infrared. Does this have an analog in string theory? In string theory, the analogous diagram (iv) of Fig. 2 can be realized as the coupling of half-strings to a vacuum loop via exchange of a light particle with vacuum quantum numbers -a dilaton or one of the moduli. However, in an exactly supersymmetric theory this diagram will vanish, since all scalar field tadpoles vanish on general grounds in superstring theory. We do expect such a process to contribute in a theory in which supersymmetry is broken non-perturbatively; however it will be suppressed by a modeldependent factor. It would be of interest to estimate this contribution in specific cases.
In a low energy description of a string model, even one with supersymmetry, we expect diagram (iii) in Fig. 2 to contribute to the entropy. This particle diagram occurs in fundamental theories of vector fields [13] and of non-minimally coupled scalar fields (as we discussed in section 2, see also [19] ), and causes the equivalence of full entropy of entanglement and black hole entropy to break down in those theories. Thus, even in exactly supersymmetric string theories, the one-loop entropy due to light fields does not have a state-counting interpretation solely in terms of the light degrees of freedom. This is compatible with the suggestion of Susskind and Uglum regarding the interpretation of the one-loop entropy in string theory. However, we stress again that the state-counting interpretation of the black hole entropy is preserved if we consider the theory as a whole.
We note that, in the σ-model, it is natural to introduce an alternate renormalization scheme, in which diagrams (iii) and (iv) of Fig. 3 are viewed as corrections to the φ propagator and are absorbed into the definition of the φ mass (see the discussion at the end of section 3.3). Diagram (ii) is not naturally absorbed in this way. In this alternate scheme diagrams (i) and (ii) correctly count the states of the interacting φ and σ fields;
thus, through redefinitions of the parameters of the short distance theory, the part of the quantum entropy which does not have a state counting interpretation in the low energy theory is absorbed into the classical entropy. We do not know if this type of scheme is generally available, or if it is specific to the σ-model .
In conclusion, our results provide an explicit field theoretic realization of the ideas of Susskind and Uglum [1] . One must know the detailed physics of the short distance degrees of freedom in order to give a state counting interpretation of black hole entropy. Short distance degrees of freedom localized on the horizon give rise to the "classical" HawkingBeckenstein entropy. The "quantum" corrections to this entropy due to light fields do not have a state counting interpretation in terms of the low energy degrees of freedom, because interactions of the light fields with the short distance degrees of freedom produce substantial shifts in the quantum entropy. These qualitative features should be expected in any model with extended objects, including QCD, matrix models and string theory.
Note Added
As this work was nearing completion we received a paper by F. Larsen and F. Wilczek, hep-th/9506066, which has some overlap with this one.
